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ELECTRONIC INSTABILITY AND CHANGE OF CRYSTALLINE PHASE 
IN COMPOUNDS OP THE V3SI TYPE AT LOW TEMPERATURE 

J. Labbe and J. Prledel 
Faculty of Sciences, Solid State Physics, 

91 Orsay, Franco 


Introduction 

A martensitic transition of the cubic structure to the tet- /\_ 
raconal structure has been observed at low tomperature In Intor- 
metallic superconductor compounds of the V3X (X=S 1 , Ga,Ge,Sn, etc.) 
or Nb3Sn types [ 1 - 3 ]. This change in structure occurs at a temper- 
ature Tin, which Is generally higher than the temperature Tc of the 
appearance of suuerconductlvity, V 

We propose to show here that this change in structure can 
be explained by electronic instability of the cubic phase. Be- 
sides, we will show the conditions, under which such an insta- 
bility favors, for the compounds under consideration, the ob- 
served change in structure, rather than other changes in structure 
which could be conceived. 

The instability of the d band electrons of these compounds 
is of the Jahn-Teller type. It is known that the Jahn-Teller 
effect is a crystal distortion, which removes the degeneracy of 
a partially occupied, localised electron state. The simple case 
of the compounds under study permits analysis of two different 
Jahn-Teller type effects, which can occur for the extended electron 
states of a partially occupied band: uniform distortions, which 
change the lattice symetry; periodic distortions, the wavelength 
of which is generally connected with that of the Fermi electrons. 

We shall show that, in every case, the energy obtained by removal 
of the degeneracy increases only as the square of the distortion 
for small values of it, contrary to the linear effects observed 
for the localized electron states. These effects actually are 
highly analogous to those of the exchange potential on electrons 
in magnetic metals. The distinction between the uniform ferro- 
magnetic couplings and the periodic anti ferromagnetic couplings 
or helices is found here. Likewise, the energy changes are of the 
second order in the magnetic moment. 


^Numbers in the margin indicate pagination in the foreign text. 
^However, we note that superconductivity appears to have been 
observed in the cubic phase, due to the hysteresis of the marten- 
sitic transition. 
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In the caee of the compounds under* consideration, the d 
band has a very simple form in the strong bond approximation, 
which permits a quantitative comparison of the stability of the 
uniform and periodic modes of distortion. But, the essential 
conclusions hardly depend on details of the model used, and they 
would be preserved in a more refined narrow band model. 

In this article, we confine ourselves to study of the uni- 
form modes of distortion at zero temperature. In a second 
article, we shall see what the effect of temperature on these 
modes is. In a third article, we shall discuss the periodic modes 
of distortion. We shall then be able to precisely define the 
d band fillinn; conditions, in which the observed tetraEonal 
distortion is the most stable. 

1. Uniform Modes of Distortion at Zero Temperature 

1.1 d Band Structure in Cubic Phase in Strong; Bond 
Approximation 

At ordinary temperatures, the crystal structure of the 
compounds under consideration is that of tungsten 3. The X atoms 
form a centered cubic lattic, and the transition atoms are dis- 
tributed in rows, independent of the high density of atoms, which 
are aligned along the three planes of the cube [100], [010] and 
[001] (Pig. 1). We shall use a model which contains a system of 
strong bond d bands and an s conduction band. Since the atoms 
in one row are much closer than the transition atoms of the other 
two rows, the d electrons of the atoms of each row can be dealt 
with Independently, 



Pig. 1. Crystal structure 
of V3XJ the X atoms are not 
represented here ; they ac- 
tually occupy the apexes and 
the center of the cubic unit 
cell; the spheres represent 
vanadium atoms. 


In this linear model, the d 
orbitals can be classified into 
three groups, according to their 
direction with respect to the Oz 
axis of the chain under consider- 
ation, Thus, the following are 
distinguished; 

A first band formed from 
^ ^3z^-r^ orbital by a strongly 
overlapping atom, 

A second band formed of 
two orbitals per atom, the dxz and 
the dyx, with a slighter overlap; 

A third band formed of 
two orbitals per atom, the dxy and 
the dx2_y2, with a still slighter 
overlap. 
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For a band formed by a p;iven type of d orbital, the nleotron 
energy varies sinusoidally with the v/ave vector k, directed along 
the chain; 

E{lt) a Eq + 2v cos ha 


with 


Eo is the energy of a state d of an isolated atom; a is the 
distance between two consequtlve atoms of the chain; is the 
lattice potential of the chain ; Vn is the atomic potential 
centered on site n of the chain; Vn the d atomic orbital 
centered on the same site, and we have used the usual rough ap- 
proximation, in which all the overlapping Integrals except v 
are disregarded. 


The density of states for the type of d band under con- 
sideration is deduced from the expression for E(k) ; 

n{U) = r } ^ - /i’o + I /^o + - E j-'/* 

with Eni=2v and where P is a normalization constant. 

It is seen that the density of states theoretically has 
infinite values at the band limits. In addition, the width 2|Ein| 
of such a band Is proportional to the integral of overlap v be- 
tween two atomic functions d, centered on two consecutive sites 
in the chain. Also, the widest band is that formed with the djxZ-r^ 
orbitals and the narrowest band, that formed with the dxy and 
dx2_yZ orbitals. As a result, the density of states has‘ the ap- 
pearance shown in Pig. 2. It results from the supernosl tion of 
three types of d band, to which the contribution of the conduotion 
band must be added. 


Besides, the measurements 
which have been made of specific 
heat [^], susceptibility T5] 
and Knight displacement C5], 
as a fanctior. of temperature, 
indicate that the density of 
states has very high values in 
the neighborhood of the Fermi 
level. The Knight displacement, 
for example, varies extremely 
rapidly with temperature, be- 
tween 0°K and 300°K. That ap- 
pears very much to confirm the existence of a very high and narrow 
peak in the neighborhood of the Fermi level, which is quite coo-, 
sistent with our unidimensional model. Indeed, it can be granted 
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that the Fermi level E? Id located near one of the peaks In 
PlR. 2. The three d electrons of niobium or vanadium provide 
only partial filling of the throe d bands, loss than half the 
ten locations available per atom. With account taken of the 
presence of the conduction band and the electrons contributed by 
the nontransition X atoms, it can be expected that the narrowest; 
band, for example, contains very few electrons, all located In 
a region of a very high density of states. 

All of the foregoing said for a chain of atoms can be re- 
peated for each of the three directions In space. Actually, 
there are three d band systems, each corresponding bo one di- 
rection In space. In the cubic phase, the distance a between 
consecutive atoms of a single chain is the same in the three 
directions, and the three band systems are c?n,ui valent . There Is 
degeneracy. 

Among the uniform modes of distortion which can be conceived, 
the only interesting ones are those that modify the internal 
structure of the chains, but not their arrangement relative to 
each other, Actually, In our model of independent linear chains 
for the d bands, an increase In energy can only result in a modi- 
fication of the distance between the atoms in each chain. For 
example, a change in the spatial orientation of the chains with 
respect to each other, and thus, a change in the angles of the 
unit cell of the Bravais lattice would produce no decrease in 
d electron energy, and it would, therefore, bo opposed by the 
action of the conduction electrons, which undoubtedly tends to 
stabilise the cubic phase, 

As a consequence, we now have to consider tetragonal or 
orthorhombic distortions as uniform modes of distortion, as a 
result of which, the distance between the atoms of u single 
chain remains the same in two directions or, on the contrary, 
becomes different for all three directions. 

1.2 Tetragonal Distortion at Zero Temperature 


1.2. A Physical Information 

In the tetragonal phase, the distance between atoms becomes 
a(l+e) in the [100] direction, for example, and a(l-e/2) :,n the 
other directions, [010] and [001], the conservation of volume 
being an experimental fact. The cases e>0 and e<0 correspond to 
different physical situations. 

Let us first assume e>0. In chains parallel to the [100] 
direction, the distance between atoms increases, the Integrals of 
overlap d decrease in absolute value and, therefore, the band 
width decreases and the bottoms of the bands are displaced towards 
positive energies. In the [010] and [001] directions, on the 
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contrary, the atoms come olosor together, the hand v;idth In- 
creases, and the bottoms of the bands are displaced tovnards 
negative cmergies. Morc’over, these two directions remain equiv- 
alent, and the degeneracy Is only partially removed. Fig. 3 
shov /3 the nev; band structure vjhlch results. The electron distri- 
bution is modified, and the Fermi level undergoes a small dis- 
placement; It moves from Ej.’ to E'p. A variation in energy oc- 
curs, and we discuss the initial filling condition of the bands 
In v;hlch it is negative and leads to instability of the cubic 
ohase. We shall show that this instability condition occurs in 
the case of large values of the density of states at the Fermi 
ievol Ep, i.o., v;hen it is located very close to one of the 
Bingularitles of Fig, 2, This occurs v/bon one of the throe bands 
daxc-rzi dxs ys or’ dx2-y2 xv almost full or almost empty. Be- 
sides, we have seen that, ’experimentally, Ep very much appears 


It will be very easy for 
us to show that, to the extent 
that we can disregard tlie dis- 
placomont of the center of the 
band, the condition of insta- 
bility is the same for tv?o 
symmetrical positions of the 
Fermi level with respect to 
this center (Pig. l.e., 

for an almost full band and 
for an almost empty band. 

V/e note here that. In the nelghbc'rhood of a peak, the es- 
sential contribution to the density of states comes only from the 
d band which is neai'ly full or nearly empty. V/e shall see that, 
to the extent that Ep is located near such a peak, the approxi- 
mation can be made of c onsidering only this band In the calcula- 
tions. To account for the other contributions, the band structure 
would have to be knovm more quantitatively, in particular, the 
respective widths of the different d bands, as well as the exact 
position of the s band with respect to the d bands. Actually, 
there can only be a very rough idea of it, and we shall hold to /I5t 
the approximation indicated. 

Since distortion e is very slight or there is none, there 
can be two situations of different natures. For example, let us 
take the case of a nearly empty band. For very low values of 
e, the Fermi level E*p remains above the bottom of the [100] band, 
and the separation of the electron states of this band and of the 
[010] and [001] bands is Incomplete or occurs only In the nelghor- 
hood of the bottom of the latter two. We shall show, then, that 
the variation of energy is only of the second order, with respect 
to e. We can consider this situation to be characteristic of a 
Jahn-Teller type effect on a band structure. On the other hand, 
when E has larger values, it can occur that E'p becomes lower 


to be located close to a peak. 
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than thG bottom of the [100] band (Fir;. 5). The ooparatlon of the 
electron states is then complete, and we find that the variation 
in energy becomes of first order, with respect to r, as would be 
the case for localised states. For a nearly full band, similar 
conclusions are reached, by considering the holes. 



nffJ 



Pig. 


We now consider the case e<0. 

The dlstancG between atoms decreases 
in the [100] direction and, on the 
other hand. Increases in the other 
two directions, This time, the [lOQ] 
band becomes v/ider, and the [010] and 
thf’ [001] bands contract (Fig, 11). 

For largf? values of e, these two bands 
become empty (Fig. 6), V/e note that 
there has to be a lai’ger distortion 
to empty two bands (e<0), than to 
empty only one (e>0), and we shall 
see that the case e<0 Is only favored 
with really very low initial filling. 

In all the cases previously 
considered, we shall consider that 
the action of the conduction electrons 
and the nontransition atoms tends to 
stabilise the cubic phase. In cal- 
culation of the variation in energy 
by distortion, we shall account for 
it by a term, v/hlch wo shall write 
1/2 where A' is an essentially 

positive coei'fic lent, which we shall 
consider to be practically independent 
of temperature. V/e shall see in Part 
II tha,;, at normal temperatures, AV2 
is the main contribution to the modulus 
of shear, ^ 



Pig. 5. 


Fig. 6 


To calculate the contribution of 
the d electrons to the variation in 
energy by distortion, we shall use the 
fact that the width of a d band varies 
roughly exponentially with the distance 
between neighboring atoms in a single 
chain. In fact, the principle contri- 
bution to the Integral of overlap 
comes from the region located at mid 
distance between the n-1 and n sites 
under consideration. So that this 


^A' is connected to the rigidity constants C'nand C'igby 
SNA’ =3/2CC'n -C ' la). C'nand C 12 are calculated here, for a 
crystal volume containing 3N transition atoms; they actually 
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Intogral ls« in the first aonroHlmatlcn , proportional to 
q desicnatlnE the coefficient of Slater, which determlneB the 
radial dependence of the functlonc. It lo deduced from this 
that, if the Integral of overlap is v in the cubic phace, in the 
tetragonal phase, it becomes ve-aqe jn [100] direction and vel/2aqc 
in the other two directions. 

In appendix C, we show that, at 0°K, the third order terms of 
e do not cause any major modification of our results. Therefore, 
we shall disrecard them here. 

Finally, we shall calculate the sharp decrease in the density 
of states at the Fermi level, which occurs in the transition from 
the cubic structure to a tetrap;onal structure with one or tv/o 
empty bands (large absolute values of e). This last point is 
very Important In the interpretation of different experimental 
results. 


1.2.B Case of Low Absolute Values of Distortion e 


As long as no band becomes empty. It is not necessary to 
distinguish the cases £>0 and c<0. We shall calculate the energy 
vai'iatlon due to distortion, in the form of an expansion of e, 
which Is valid in a very small area centered on g=0. 

There are three systems of parallel rows of transition 
atoms. N is the number of transition atoms in one of these three 
systems. The total number of transition atoms in the crystal is 
3N, In the cubic phase, n(E) is the contribution to the density 
of states of a single transition atom of the d band. The total 
density of d states In the cubic phase is., then, 3Nn(E), 

Likewise, in the tetragonal phase, ni(E) is the contribution 
of each of N transition atoms to the rows parallel to the [100] 
direction, and nzCE) is that of each of 2N atoms to the rows 
parallel to the other two directions. The total density of d 
states in the tetragonal phase is written Nni(E) + 2Nn2(E). 

As long as e remains sufficiently small in absolute value, /157 
electrons remain in each of the three band systems [100], [010] 
and [001], When we disregard the transfers of electrons from 
the d band to the s band, the new value E'p of the Fermi level 
is obtained by writing the conservation of the number of electrons 
in the d bands, or 


are only the contributions having the physical origin Indicated 
in the total constants of rigidity Cnand C 12 , which also con- 
tain the contribution of the d electrons. 


N «,(£) dE 

+ 2N r* fhiE) dE = 3A’ f n{E) dE 


( 1 . 1 ) 
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with 


oxp (-” aq$) Cl JSut "X a^ej. 


Likewise, the Internal onerj'iy variatien at ?:ero temperature, 
due to deformation, is written 

dUp^N Eny{E) (liJ + 2A^ £«*(/•) dE , , 

— 3A' En{E) ilE + 3iV Ll'e*. 

The modulus of shear A'/2 is calculated per transition 

atom. 

As always in the Hartree approximation, the intefrrals of 
(1.2) of the enerf’;ieo of the states of one electron includes 
twice the Coulomb interaction enerpy of the electrons considered 
together. But, as we show In Appendix A, the terms of the Intra- 
atomic interaction exactly balance each other in the stronp 
bond approximation used here. The interatomic interaction terms 
are comparable to the Integrals 

disregarded above. Therefore, the error in disregarding the 
Coulomb interactions Is negligible. 

Functions m (E) and nz(H) are deduced from n(E) by double 
affinity, one with respect to the energy axis and the other, 
with respect to the density of states axis, so that, with the 
origin of the energies at the center of the band, we have 

«,(/•:) = tl(Ei) «xp inqt] 

assuming 

Ei~Ec\p{mis) ( 1 . 

M*(/id == exp 


assuming 



By GubDtitutlnc (1.3) <'md in Ci.l) and (1.2), v;o 

obtain 

+ 2 f * n{li,) t\i:, 3 / ' «(C) diJ 


(l.ii) 


dl/ AT cx|) (*- aqt) f^*"^*** Riu{Ex) d/i* 

+ 2iV oxp ^ 2 «<7C j £ lit n{iit) d£, 

-3iV /J/i(/i’) d/i r3;vi/l'e». 


( 1 . 6 ) 


Then, E'p-Ep and dh are obtained, in the form of expanolonn 
of e. Calculation oanlly Ghown that, ac wo foreaaw in the intro- 
duet^on, the coefficienta of the firat order termr. of e are aero. 
Confining ournelvos to aocond order termc, v;o find 


dU - 3JV j } o«</> t'linlE) liB 
( * Jilrn 


(1.7) 


( 1 . 8 ) 


The condition of instability of the cubic phase Is obtained 
by writing the coefficient of in (1.8) as negative. Coaf- 
flclcnt A' is positive, as we indicated above, the Integral 



is always limited in absolute value. On the contrary, the 
term containing, n(Ep), which is negative, can have a very large 
absolute value under certain filling conditions. Fig. 7l shows 
that n(Ep) has very large values, when the d band under consid- 
eration is almost empty or almost full. The essential contri- 
bution to n(Ep) then comes from this band alone. Since the 
energy origin has been selected as the center of the band, it 
is easily seen that dU has the same value for two symmetrical 
positions of the Fermi level, with respect to this center. 

Tne condition of instability can be formulated simply, if 
the theoretical expression n(E) = (^^/'n‘) (Em - )“l/2 is adopted 
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Tor the denr4ty of Gtatoi’, The normaU;',atlori faet;.f>r li/^l eor- 
roDpondG to the oane where the* d hand under oorn>i deration hau 
twofold dogeneraGy (the dx;*^dyi^ nr dx^-y^, dxy bandn). By taking 
opin Into account, there then are four eleetroh utatruj p'?r atom 
avallahlo to thin band. By annumlnr 


li *"5 tim I'O* A.’, 


(l.B) bocoraoi 


(lt/«3A'j.- ill?® +L|'| e* 
( TC»m Ar 2 j 


Xp being defined by Ep»Km con Xi<\ 

The number* of evleotronn trannitlon atom looat<-d In the 
d band under connidoratlun In denlgnated Q, V/e have 

Q fse f * dfC = ^ AV d’ou Xv = 

Thun, the cubic phane In unutablo at nero temperature v/hen 


sill 


nQ ^ 

T 


( 


The number of eloctronn Q can bo deduced from the exp-erimentr 
value of nCEp) by 

. r>Q 


sill -• 


c 


'ft ~ n\f'm\n{!iv) 

In the cane of a nearly empty band, condition (1.10) involve 

0<e<iArc.i,,??!4&J 

« r.A 

and, in the cane of a nearly full band, It Involves 

1 Arc sill < ()< /,. 

We assume numerically, for example, 

rt — 2A 7 =5 1 A*"*^ 

band width si Ejfjl - 2 eV and a raodulun of shear A 1/3=20 eV/atom. 


/VjH 


1.9) 


I.IO) 

L.ll) 





In ordor or marnltud.’. , It is thon round thar fKtKO.l for a nearly 
empty band and for a nearly full band. There roro, it la 

coen that the condition of Inatablllty of the cubic phaae l.r, only 
satlofled for low numbers of electrons or holes in the band. 

When conditions (1.10) is satisfied, the onorr:y dil produoin/': 
the distortion increases constantly v;lth e. Therefore, the crystal 
is deformed until at least one of the flOO], [010] and [ooll bands 
bocomoc empty or, on the other iiand, becomes completely full, as 
the d band under oonnldoratlon initially is nearly empty or nearly 
full. 

1. 2.C Case of Lartie Positi ve Value-s of e. 

Wo confine ourselves to e>:am.l nation of the case of an 
initially nearly empty d band. In Appendix h, v;o show that, ,.s 
lone as the displacement of thf; middle of the baud is dl.sre>-y' eded, 
the results obtained are the same for a nearly full band. 

For positive values of s, the flOOl band is the narrowest, 
and it ^becomes empty at a value g+q of e, such that Kp-Bmi . When 
e>c+c equ.xtlono (1.1) and (1.2) are no longer valid, 

and they have to be replaced by the equations 



( 1 . 12 ) 


— 3iV« Mfi'lAli + 3;Y 1 A't- 
which, from equation (IJO, can be written 

' • N(/^,) dlii = 3 / «(/i) d/v 


(1.13) 


( 1 . 1 ^) 


jy s=i 2 A' exp 


L 


W) 


Ei n{Ei) <iEj, 


3iV +31V~.<1' 


(1.15) 
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ThlG titno, E'p-Ei-’ and arc* no lon/’;or Infinitely amall 
with ronpect to e. Thin corrooponcUi to the physical fact that, 
v;h(»n the [100] band bocumoij lanpty, a discontinuity apfioaro In 
tho slope of variation nf E'p-Ep and that of dn with e. Thus, 

K'p has to bo found In the foian 

/i’y /iV + P ‘b Y* *b • • • 

3 Is a constant, v/hleh Ir: dotormined by wrltinc (1.1^0 in the 
sero order of r and, therefore, it In the solution of the equation 



Y and 6 llkev;lce are determined by wrltlnr: (1.1^0 In hlEhor 
orders of e, and It is found that 

1 1 
Y ^ rt'/f/v’y + p) el 5 r= 1 fla//9(£p q p). 

Actually, the absolute value of 3 Is sruall compared to Ep, 
as can easily be seen from equation (1.16), while allowing for 
the fact that Em-Ep, Therefore, practically, we have 


Eg = Eg + P + g (HI Eg ® "b g V* 


(1.17) 


dU is derived from (1.1^3) in a similar manner, and It Is found /159 
that 


jp „ j 2 En{E)(yE - ^«(E) 

+ i («7e -H !«*</» 
f * En{E) tiE + 


(1. IS) 


an expression which Is only valid for e>e+c. The constant in 
(1.18) has the same physical origin as the term S in (1.17). 

tlnlike (1.8), expression (I.l8) contains a first order term 
of e which, besides, is negative, since energy E Is negative in 
the (Eij], Ep+3) interval, with our choice of the energy origin 
In the center of the band. Therefore, as we anticipated in the 
introduction, when the [100] band is completely empty, the energy 
begins to vary much more rapidly viith e. 
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Bocides, while \^he contribution of the d electrons to the 
term was very larp;e in (1.8), it becomes nepiliriblo in (I,l8). 
Actually, since band filling is very slight, the integral 



lin {li) iiE 


is very small in absolute value,® compared with A*. 


Therefore, in practico, the follov/lng can be v/rltten 


dU « 3 iV ' EniE) iiE - - / * En{E) i\E 
+ U<}cJ^ En{E)dE-\-l^,Vt<‘[ 


(1.19) 


Expression (1.19) is at a minimum, for a value e+jn of e, 
given by 



( 1 . 20 ) 


By taking the explicit form for n(E) already indicated, the 
follov^ing is obtained 

I /i'fi(E) tlE Em I n(E) dE 
•'hi •'hi 

c:ir, Emf ^n{E}dE^^EmQ by USlng (1.16). 

* •'hi 

We now calculate e+c from (1.17), by writing that E'p=Eroi, 
when e=e'*'cj. By being restricted to the first order of e, it is 
found that 

2 Ei -]• P ' — 
aq Em\ 




( 1 . 21 ) 


( 1 . 22 ) 


®To find out, it Is enough to note that. In the first approximation, 
E can be taken out of the integral and the following can be written 




sm 


!^r,Q 


by using (I.l6). But, from (1.10), we have 

n*4' 


and, therefore, it is sufficient to verify that 

Which is very much the case with the numerical values indicated 
above, at the end of I.2.B. 


By aosumlng E=Ejn cos X and Ea'Em cos X' in (1.16), ;?X'p“ 
3X’p Is obtained, with 


from which 


or finally. 


/if ” /?in COS Af ot f' f 4” p ^ Am •»'0H Ay,' 


.. . O 3r.(> 

hv f p — lim co» ~ 2 " ■" ” C08~^- 


/* . ,37t(> 

lii" 

The follov/inc is derived from (1.19), explicitly for the 
energy 


(1.23) 

(1.2^0 


df/ = 3 A' 


, ( 4A, 




. 3rt() _ , 7t^\ 

fliti •— 3 sin -~j 


, 4 Alt . 3n() , 1 

-} sii. -f- ^ ^ e*{. 


l.jj.D Case of Large Negative Values of g 


(1.2'j) 


For negative values of e, the two degenerate bands [OlO] and 
[001] are narrower than the [100] bandj and they become empty 
at a value e-Q of e, such that E'f=Eui 2 . When e<e-e (Eig. 6), 
it is found that ^ 

A f «,(Ay ilK 3A n(A) dA 

•'mi J *'111 


d<7 = A r^A«,(A)dA 

~ 3A Iin{E) dE + 3A J A'e« 


( 1 . 26 ) 


(1.27) 


which replace equations (1.12) and (1.13). Calculations completely 
analogous to those in the case e<e+c result In 


Ay ^ Ay -p Pi atjEv e + ^ n® y" Ay 


with 3i given by 


f ^ ‘ «(^j) dA, = 3 n{E) dA 
in 


( 1 . 28 ) 


(1.29) 
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(1.10) 


dU =: 3iV I }. En{E) d/^ -- En{E) dE 

I /’*if+Pi 1 

— ' K flfls / En{E) d/i' 4- K A** 

(e < tr). 


Expresalori (1.30) ic at a mlnlnjum v/lth e = , with 


im; 

JK 


Efi(E) dE 


( 


or 



( 


Here again, e-c Is tho Golutlon of the equation E'p=Em 2 , 
which, written in the first order of e, gives 

® 3 aq\E,e\ 


But, by assuming E=Eni cos X, Ei=Em cos X», Ep=Em cos Xp and 
Ep+3i= En cos X'p the following is derived from (1.29) 

A'V==3Xf, 

or, therefore , 

Ey + Pi ~ Eie cos 3Xf = /Jm 
from which, finally, 


(1.30) leads to 


3aq 


sin 


|3n^ 


( 


d£/ = 3X 


37t \ 


sill - 


3nQ 


3sin^j 


„ . 3nQ , i n 

— aqz sin + 2 ^ ' 


3n 


(; 


/16Q 

1.31) 

1.3?) 

1.33) 

1.34) 

1.35) ; 

.30 
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1.2.E Different Oases of Band Filling; 

We have seen that, In 1.2.B, the Instability of the cubic 
phase requires that the number of electrons or holes in the 
band be small. We continue to restrict ourselves here, to the 
case of nearly empty bands and to that of that of nearly full 
bands, deriving it by symmetry (Appendix B). Therefore, we 
consider Q to be a small quantity, with respect to which we will 
be able to carry out expansions. 

First, we note that, from (1.21) and (1.32), 


t- — 2 e+ cob ^ K 


and that, likewise, from (1.24) and (1.35), 


e“ COB 


i(T 




(1.37) 


(1.38) 


In other words, as could have been expected, ratios e''rn/e'*‘m 
and E“c/e+c practically Independent of filling, at least, 
when the latter remains low. But, of course, ratios e'^',n/o'^c and 
s“m/E“c depend strongly on It. 

On the other hand, by expansion of (1.21), (1.24) and (1.25) 
with respect to Q, the following are obtained 


df/(e+) =- 3iV 


381 






8vl' 




a*q- 


(1.39) 


dU{c+) K 3A- ^ j — 5 li2ml + „a Q j- 


(1.40) 


Likewise, the following is derived from (1.32), (1.35) and 
(1.36) 

1 El 


dU{E^) 3iV j ^ ~ ^ j 


(1.41) 


-.-2 Qir® A' ) 

df/(Er)=i3iv~^3, . 


(1.42) 


Thus, we see different possible cases of tetragonal distortion 
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appear, which correspond to different filling values; 


Case A; 


^ 16 I . 


A' 


(1.32) 

and 

(1.35) 

Involve 


(1.37) 

and 

(1.38) 

Involve 

E 2e"^g . 

(1.39) 

and 

(l.ill) 

Involve 

dU(e-jn)<dU(e+m) 


The variations of dU with e are presented in Fig. 7a. The 
stable state (ai in the figure) corresponds to E=e-rn<0. The 
crystal unit cell is shortened in the [100] direction, and it 
is lengthened In the other two directions. All the electrons 
are in a single [100] band (Fig. 6), and the degeneracy is com- 
pletely removed. 


Case B; 


16 


a* q 


a!^>l 


<<?< 








Condition (1.10) is again satisfied, and the Instability 
remains at e=0. But, s-ui>e'’G w-lth, however, e+c‘^£'*’m. Also, 
state e=e“m longer has a physical meaning, while state E = e+jn 
still has one. Besides, (1, 39) and (1.^12) Involve dC(e+^)<dU 
(e"q). The variations of dU with e are presented in Fig, 7b. 

The stable state (bi in the figure) corresponds to e=e+ui>0. The 
crystal unit cell is lengthened in the [100] direction, and it 
is shortened in the other tv;o directions. The two [010] and 
[001] bands contain all the electrons (Pig. 5), but remain 
identical. A twofold degeneracy remains. 


Case C: 


-• ’ A' 


TZ' 


<Q 


<f 


s 


a* 


A' 


Again, E"“ni>a“c and E+c<e+m’ 


On the other hand, condition (1.10) is no longer satisfied, 
but dU(e+m)<0. The cubic state (e= 0) is metastable, and the 
stable state is the tetragonal, with e=e+rn>0 (state ci of Fig. 
7c) . It has the same crystal structure as in Case B, with the 
[100] band empty and a twofold degeneracy of the band. 


Case D: 




A' 


32 




A' 
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• o 


6U 



a 



Fig. 7. 


The only difference from Caco 
0 is that, this time, dlUc‘*'m)>0 
and the stable state Is cubic (s»0). 
The tetragonal state, with e=e+ni, 
now is metastable (state dj in 
Pic. 7d). 


Case E: 


32 

3T5* 




A' ^ 


Q 


SO, e+m>e+c and state E=e+m loses 
all physical moaning, in turn. 

Only the cubic phase exists, as 
Pig. 7e shows. 

1.3 Total Density of States 
a t Fermi Level in Different Possible 
Phases 

We now compare the values of the 
density of states at the Fermi level 
at zero temperature, which it is 
expected to find in the different 
structures found below. We specify 
that, in all cases, we are Interested 
in the density of states calculated 
for the entire crystal, i.e., for 
3N transition atoms, 

1. If the cubic phase were 
stable at zero temperature, the 
three systems of rows, each containing 
N transition atoms, would make their 
contributions, and the total density 
of states would be 

Ji'oiHv) ~ ( 1 .^ 1 3 ) 

recalling that n(Ep) is the contri- 
bution to the density of states of 
a single transition atom, and the 
following can be written 


T — : 

TC)/iii,| Bin Ak 

2. If the stable phase is the 
tetragonal, with e>0, only two systems 
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of rown of tranoltlon atomo make? oontrlbutlorut , and it lo found 
that 

‘V’lf {^^F) » 


but , 
with 

or, roughly, 
from which, 



l.e., the density of states at the Perml level In the tetragonal 
phase, with e>0, is practically equal 1;o V9 of its value in the 
cubic phase. This appears to be confirmed by electron specific 
heat measurements at very low temperature. 

We stress here the fact that an experimental measurement 
does not allow a distinction to be made between the contri- 
bution of atoms in different systems of rows and that an experi- 
mental value Indicated per transition atom has to be multiplied 
by 3N, before being compared with Xtt.(Ey). 

3. If the stable phase is the tetragonal with g<0, only 
one system of transition atom rows makes a contribution, and 
we have 


where 




bin A'i 


this time, with 


and, therefore, 


^nil “ A’m exp (“** «ye) Pt 





(l.^iiO 

/165 


(l.i<5) 


(1J(6) 
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a j<7) 


from which. 


*1 


1.^ Orthorhombic Distortion at Zero Temperature 


Finally, we show that the precedinr, aolutlonn aro all 
stable, with roapoct to an orthorhombic distortion which 
makes the three families of chains of atoms dissimilar. We 
consider the various cases in the precedirp’; discussion In turn. 


Case A; We first consider state at of Flp, 8a, v;here only 
the [lOO] band contains electrons. V/e show that this state i.s 
stable, with respect to orthorhombic distortion. After ouch a 
distortion, the [010] and [OGl] axes are no loneer equivalent 
and the three sides of the unit cell become: 


a(l + e) 



in the [100] direction 
in the [010] direction 
in the [001] direction 


dU 




There then are throe distinct 
bands represented in Pig. 9. 

Since only the [100] band con- 
tains electrons, it is clear 
that the contribution of the d 
electrons to the Internal energy 
does not depend on parameter 
at least, as long as it remains 
sufficiently small for no electrons 
to penetrate the [001] band. Then 
only the conduction electrons in- 
terfere, the action of which is 
expressed in dU by a term, which 
can be written 




3iV i A'e'2. 
i) 


It is seen that this term 
is essentially positive. Therefore, 


Pig. 8. 
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[ 001 ] {too] 



Pig. 10 


tho otable ntafce corrospondo well 
to f. *=0. 

In the caoG when e’ Ir. Guf- 
floiently large for electrons to 
penetrate the COOIJ band, there 
are two partially occupied bands, 
a physical situation, which has to /lC3 
be considered as a distortion of 
a state such as az, v/hlle c-x- 
changing the roles of the [ICO] 
and [010] axes, rather than of 
state ai. 


Therefore, we now consider an orthorhombic distortion of 
state az In Fig. 8a. For e* = 0, the tv;o bands [010] and [001] 
are identical, and they contain all the d band electrons under 
consideration (Fig. 5). PoreVO, these two bands differ, and 
the situation represented by Fig. 10 occurs. A calculation, 
completely similar to that vro carried out for (1.8), gives the 
variation of energy as a iunctlon of e', of state ai 


or. 


(If; = 3iV I ~ n* £«,(£) dfi 



3n sin X'» 6 


e'» 




(1.^9) 


with 


V' 

A, 



3n^ 

8 ‘ 


The condition of instability of state az Is written 

^nQ .2 o 2 1 ^iii[ 

? 'TT 


sin 


or, by expanding the sine. 


16 n ,a\]^ 


U.50) 


But, precisely this condition Is satisfied in Case a. There- 
fore, state az is unstable with respect to orthorhombic distortion. 
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If, th^m, thc‘ hlr:hor order 
tormn of £' ore dlorepiarded, the 
distortion CQntlnu<-s, until the 
[ 001 ] band becomes empty in turn, 
and it falls into the case already 
seen, of orthorhombic distortion 
of a stritG such as aj , but In the 
[ 010 ] direction. Thorc^forc, state 
aj finally results, since it is 
stable, with respect to orthorhombic 
distortion. 


By reasoninc, completely analoRous to tiiat of Appendix C, 
it can be seen that the hlfther order terms of e' can only have 
sllfiht effects, and nothin^’: but the possible exlstencr* of a 
metastable state in the orthorhombic phase can be expected, 


Finally, wo shov/ that state ag in PIk. 8 a Is unstable. 

In this state, there are electrons in the three bands, as 
Indicated in Pic, 11. After orthorhombic distortion, the fill Inc 
state of the three bands is that indicated by Flc* l^h The 
variation of Internal enercy of state? a 3 Is civen by 


utr = 3iV j ^ «* < 7 ® En{H) 


e'* 


(1.51) 


or 



C.1 V 

3t5 sill Xv 0 


e'3 


( 1 . 53 ) 


expressions which only differ from expressions ( 1 .A 8 ) and (1,49) 
by the presence of n(Ep) Instead of n 2 (E’p) and of X'p instead of 
Xp. Thus, it is seen that the condition of instability of state 
a 3 coincides with condition ( 1 . 10 ) of instability of the cubic 
phase, which certainly is satisfied in Case A. If, there acaln, 
small effects due to the e'® terms are disregarded, it is seen 
that the distortion continues, until the [QIO] band becomes 
completely empty. State being unstable, the distortion again 
continues, until a second band [ 001 ] becomes empty in turn, and 
it finally results in state ai. 

In conclusion, in Case A, the stable state is tetragonal, 
with a negative value of e. 
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Ca3o K; In thlti cri-.U', condition (1. liO) In no natlnflod, 

and otate bi In Fig. Bb in otablo, Bonldon, wo not;o that It In 
stable, oven with rospoot to orthorhombic distortion of amplltudo 
e', DUfflclontly larf';o for all the olejctronn to be in a slnnlo 
hand. Then, actually, It results In a type bj stat*-, which Is not 
precisely Dtablo In nase B, State bj Is unstable, as was state 


3.3 in (laso A, Therefore, a distoi'tlon of this, 
which omptlos one b.and, and It th'‘n returns to 


state occurs, 
state b). 


Therefore, in Case B, the st.abl*- state 
With a positive value of r. , 


Is tetrrua.nril , 


Case C; The- stable state Is state cj In 
tetrai’ional, with a pftsltlvo value- of e. The‘ 
stable, with respect to any distortion, 
actually involves a positive variation of the 
equal to 


PI)’’,. 7c, and it is 
cubic state is met a 
v/hlch. In this oas 
i n t; o rna 1 en e I’gy 




> 


iW ■ :i v 


i 1 
I- 



i nil,^ (iA. 


I 

-1 


«*(/ ■* » A,..) ( 




(l.b3) 


Case D ; The cubic state is stable, and tetraronal 
in Fif^. 7b is inotastable. 


state d 


Case Ht The cubic state Is stable. 


1.5 Conclusion 


In the conclusions of sections 1. 2. E and l.^I, our band model 
predicts that the cubic phase la stable at 0°K, unless one of 
the d subbands Is almost empty or almost full. In the latter 
case, the distortion is tetragonal. More precisely, if Q is the 
number of electrons per transition atom in the nearly empty d 
subband (or the number of positive holes in the nearly full d 
subband) ; 


a E<0 tetraconal distortion is expected (one family of chains 
denser than the other t^'/o) ; 


at 






a e>0 distortion is expected (two families of chains denser 
than the third) . 

With moderate values of these parameters (a, interatomic 
distance equals 2A; q, the Slater function parameter = 1 A“P; 
jEmi, the half v/ldth of the d subband ~ 1 eV; AV2, the modulus 
of shear of the conduction electrons 20 eV/atom, these limiting 
values of Q are on the order of a few tens of d electrons (or 
holes) per atom. 



Appandlx A, 


The total enorjiv of d band under eons Idorat Ion Ip, in 
tho HartroG approximation 


^ f i‘l'fc T h- ‘Iv r'/J* 1 r rt *»4 r ila r’ 

k> ,ky J 


where E(k) In tho oneri’iy of one d electron. 

4>}^(r)“% i/;(r-na)oikna la the Bloch function of a d electron. 

V(r-i’*) is the interaction potential between two electrons. 

With limitation to the Intei’iralo of overlap between clone 
neighbors, It in found that 


XjJ r.,.r '..'I*'; t'l’ r'; d, ;• if,, / 

■ - I r'.i I’ fii—r.r i - j r i iIj,)' iij/'' | 


were pa,(r) = | i|;(r-na) | ^ is tho d electron doncity centered on site 
n and were Q is the number of electrons in the band. The first 
term in the braces is an intraatomlc term and, thus. Independent 
of the interatomic distance, l.e., of s, 


The second term is an interatomic term, which depends on the 
interetomlc distance and, therefore, on distortion e. Actually, 
this seCrond term can be set down in the form 

■ydfij Fir 

It is then seen that it is comparable in order of magnitude 
to the matrix element 

v«ji If I ' 


which we have disregarded, in disregarding the displacement of 
the middle of the band. 


Appendix B 

When It Is no longer initially nearly empty bands, but, on 
the other hand, nearly full bandswhlch hav*=> to be dealt with, it 
is convenient to consider the -Ep symmetrl of the Perm! level. 



with reopoot to tho contoi* of the band ac'loctf'd at: tho onon^y 
orlr.ln (Fif’:. OotiRorvatlon of tho number of eleotronr In 

the band involves that of the number of holea. Thlo ia (.riual 


to 



by utilisation of the fact that n(E) ia a pair function. 


On the other hand, the Cfuitributlon of the d eloctrona to 
the internal enerny la writttui 


ir ;t\ <it :iA T'*' /bn/;, ,i/.; 


by utilization of the fact that En(K) io a nonpair function. 


It io then seen that the results obtained v;lth nearly empty 
bands are preserved, on condition of raplaclnp; Ep and E’p every- 
where by -Ep and -E'p, respectively, and of doslf’;natlnE Q the 
number per transition atom, no lonj^er of electrons, but of holes 
in the band. 


Appendix C 


We propose to show that nochlnp; essential is modified in the /lb5 
conclusions of the discussion, if the third order t«?rms of e are 
taken into account. Expressions (1.7) and (1.8) then become 


- j, /ii-J I -'-I. : '-i' j 


(It ISA I ,(f^'/“ / ti/; 

( ‘ Ji:.. 


MA I <r' (/' j hitU'Pi i 


I/; 


I 




T I- I -r I ;j £’’• 


(C.l) 


(C.2) 


Coefficient B’ i’epresents the anharmonic portion of the 
effect of the conduction electrons, and it can be roughly esti- 
mated from the equation of state of Grunelsen. It is found to 
be on the order of magnitude of -6 a'(B’<0), 
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The follov;irif^ 1 g derived from (0,1) 


' I ' 


f :n 


;■ <> 

( 'i-! , A',,,: 

^ {r« " '/ ,;n 


! 


( 0 . 3 ) 


Since flllinp. Q 1 g low, B* in front of the 1/Q® term in 
the coefficient of can be disregarded and the followlnf^ can 
bo written 


.If ;tY I 2 u* 4 j 


(QJ\) 


with 



.1 

j, H, (3 7i, 

r-."0 


and 

// 

152 , 7’ r 

' (t^ • 

In the case where 

n . 

. » s j/f...; 
'i ■ [r 


coefficient A is 
neg;atlvo and, from (C.^l), dU has a minimum at e=eo, with 

1 ,4 Ite’ f ,s !/• I\ 

and the value of this minimum is 


tra „■ 


t> I'll I ' / 


( 0 . 5 ) 


( 0 . 6 ) 


Of course, the state c=Eo has no physical existence, and 
it is only a minimum, when E-Q<e-o<0, i.e, if 


This limits us to Cases A and B of our discussion, for which 
variations of dU with e do not quite have the behavior Indicated 
by Figs. 7a and 7b but, rather, that indicated by Pigs. 8a and 8b. 
But, the Important fact is that dU(Eo) is on the order of magni- 
tude of Q^, whereas dU(c~ni) or dU(e4m) are on the order of magni- 
tude of Q^, with a small Q. Therefore, dU(eo) has a very low 
absolute value, compared to dU(e”in) in Case A or dU(e+in) in Case 
B, The lowest energy state remains the state with £=e“m in Case a 
and the state with e=e+m in Case B. At zero temperature, the 
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third order terms of e, therefore, only have a secondary effect. 
Meanwhile, we note that It must be taken into account, if contin- 
uity of dU is to be ensured at points e=e“Q and e=G+c 
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